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Nonlinear mathematical model of inhomogeneous tidal rivers 
ABSTRACT 
Anadi Kumar Chatterjee (*) 
Lokenath Debnath (**) 
A nonlinear mathematical model of a tidal river is developed taking into account the effect of the 
variation of density. Besides the general procedure of solving the equations of continuity and 
motion. this model incorporates the salt balance equation together with an equation of state 
relating the salinity with density. The im plicit finite difference method is used to solve the non-
linear system. The computational results are then compared with those observed in the river 
Hooghly. The close agreement between the computed and observed results proves the efficiency 
and applicability of the model to a variety of other tidal flows in river systems. 
1. INTRODUCTION 
In recent years, several authors including McDowell 
and Prandle [1], Sen and Chatterjee [2]. Chatterjee 
and Debnath [3-4], Nag and Sen [5-6] have developed 
nonlinear mathematical models for the investigation 
of different aspects of the flow dynamics of river 
systems. These studies have incorporated various 
effects including nonlinear friction, nonlinear convec-
tive acceleration, irregular bottom topography, 
combined action of wind stress and upland discharges, 
the variation of the friction factor with tidal cycle, 
and change of channel geometrics. All of these models 
are concerned with homogeneous flow without any 
consideration of density variation due to either salinity 
or to sediment transport. 
However. the variation of density in tidal flows causes 
significant differences in magnitude. distribution and 
duration of the currents and tides compared to those 
of homogeneous systems. From a practical point of 
view, knowledge of the degree of mixing salt and fresh 
water in an estuary is highly important for the study 
and development of estuarine problems since this 
mixing phenomenon appears to control certain 
essential features of the hydraulic and shoaling 
characteristics of the estuary. For convenience of study. 
the degree of mixing are classified into three broad 
categories of highly stratified, partly mixed and well 
mixed, but the transition from one type of mixing to 
another is gradual instead of well defined. Gole and 
Vaidyaraman [7] have recently been shown that the 
Hooghly is a well mixed estuary. In any well mixed 
estuary, the salinity variation over a vertical section 
varies only by a small fraction of the local mean 
salinity, that is, the salinity is practically constant in 
the vertical, direction of the flow. However, the 
longitudinal variation of salinity in a well mixed es~uary 
seems to be quite significant and hence its effects must 
be considered during the study of flow dynamics. It 
has recently been shown by Harleman [8] that the longi-
tudinal gradient of salinity and in turn density in a 
well mixed estuary is involved in the equation of state. 
In this paper, a nonlinear mathematical model of a 
tidal river is developed taking into consideration the 
effect of the salinity intrusion. The implicit fmite 
difference method is employed to determine the solution 
of the parabolic nonlinear partial differential equation 
of state relating the salinity intrusion. The implicit 
fmite difference method is employed to determine the 
solution of the parabolic nonlinear partial differential 
equation of state relating the salinity and density varia-
tion, the hyperbolic nonlinear partial differential 
equations of motion and continuity by IBM 360 
computer. The computational results are then compared 
with those observed in the river Hooghly. The close 
agreement between the computed and obsened results 
confums the effectiveness and applicability of the 
present model to a variety of other tidal flows in river 
systems. 
2. mE GOVERNING NONLINEAR EQUATIONS 
The unsteady motion of one dimensional nonhomo-
geneous tidal flow is governed by the equations of 
continuity, momentum and state in the form (Dronkers. 
[9], Harleman [8] : 
~+b..!h=O 
ax at 
(2.1 ) 
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ah + 1. ~ _ (b +bs) (~.h)Q + J2lQL + dc ~ = 0, 
at gA at gA2 at RC2A2 p ax 
(2.2) 
(2.3) 
p = 0.75 S + 1000, (2.4) 
where Q(x,t) is the total discharge through a cross 
sectional area A so that Q = Au, h(x,t) is the water 
surface elevation from a horizontal datum; g is the 
acceleration due to gravity, p is the density of water, 
de is the distance from the water surface to the 
centroid of the crosl section, S is the salinity averaged 
over the cross section, E is the longitudinal disper-
sion coefficient, C is the loss coefficient, b is the 
total width, bs is the conveyance width, and R is the 
hydraulic mean depth. 
d 
It is noted that the additional term ...£ !e in (2.2) 
p ax 
couples the equation of motion with the salt-balance 
equation (2.3) through a simplified equation of state 
(2.4). This term incorporates the effect of the longitu-
dinal density gradient due to salinity. 
3. THE FINITE DIFFERENCE FORMULATION OF 
THE MODEL 
The fmite difference scheme is developed so that all 
dependent variables h, Q, Sand p can be computed 
at all grid points. In fact, we consider a rectangular 
grid system with sides AX (may be equal or unequal 
(hn+1 _hn+1)+(..L.t Xm (Qn+l _Qn _ on+l_Qn) 
m+l m 2gA m T m+l m+l 'm m 
n n n n+l n+l 
+( 212 ) Xm·IQm+l +Qml(Qm+l +Qm ) 4C A R 
m 
b +b n X n n n+l n n+l n 
_( __ 5) -!!!'(Q +Q )(h -h +h -h) 
2 T m+l m m+l m+l m m 
4gA m 
d n n n 
+ (..,£ ) (p - p ) = 0, 
p m m+l m 
(3.4) 
which can be written as 
, , 1 X 
h h + ( ) m (Q' +Q' ) 
m+l - m 2gA T m+l m 
Or-amh~ +l3mQ~ +'Ymh~+l +6mQ~+1 = rm, 
(3.6) 
in the x.<:lirection) and time step t.t. The finite differ- b b 
ence equations corresponding to equations (2.1)-(2.3) where a
m
= 1+(~) X; (Qm+l +Qm)' (3.7) 
~ ~m 
(Qn+l _Qn+l)+(~)n Xm (hn+1 _hn +hn+l_hn)=O 1 X 1 
m+l m 2 m T m+l m+l m m ' 13 =(-) -!!!.( ) IQ +Q IX 
(3.1) m 2gA m T 4C2A2Rm m+l m m' (3.8) 
(3.2) (3.9) 
1 Xm 1 
6m = (2gA) T + ( 2 2) IQm +1 +Qml Xm, 
m 4C A Rm 
equation (3.2) can be written as 
Q~+l -Q~ +€mh~+l +4>m h~ = Xm' 
Equation (2.2) has the finite difference form 
(3.3) 
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Equation (2.3) assumes the form 
1 n +1 n n+l n+l n n 
3 r (Sm+2 - Sm+2 + Sm+l + Sm - Sm+l - Sm) 
n n n+l n+l 
(Qm+l + Qm) (Sm+2 - Sm ) 
, , , 
Or ~m Sm+2 +~m Sm+l +17m Sm = ilm, 
where 
3T 3TE ~ = 1 + (- ) (Q 1 + Q ) - (-) , 
m 4A m+ m 2 
m Xm 
E ~m = 1 +6(-) T, 
Em 
17m = 1 - (~!) (Qm+l +Qm)' 
m 
and 
(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
ilm = (Sm+2+Sm+l +Sm)[I+~(X) (Qm+2- Qm)]' 
m 
(3.17) 
Equations (3.3) - (3.6) constitute a pair of 
simultaneous equations and can be triangularized in 
the following way 
, , , 
Qm + qm hm+l + tm Qm+l = Sm' (3.18) 
, , 
hm+l + Pm+l Qm +1 = rm+l . (3.19) 
Now all the hand Q values at all the grid points are 
obtained with the help of the boundary conditions 
(3.20ab) 
using Cront's method of solving tridiagonal system 
(Hilderbrand [10]). 
Equation (3.13) also gives a tridiagonal system with 
the boundary data 
(3.21ab) 
and all S values can then be obtained. Finally, p values 
are calculated from S using (2.4) and then used in 
(3.6). 
Convergence and stability 
The implicit finite difference scheme used here is 
unconditionally stable (Ritchmeyer and Morton) [ll] , 
and does not depend on the choice of 6x = x and 
6t = T values but their choices are function oT the 
desired accuracy from a physical point of view .. 
4. THE HOOGHL Y RIVER MODEL 
The portion of the river Hooghly from Falta to Garden 
Reach studied in this model is described in ftgure 1. 
Fig.1. 
Brul RIVER HOOGHLY 
Garden Reach - Diamond Harbour 
Fig. I. 
The river portion is subdivided into segments of 
length 6x = 1500 meters. The area, width, conveyance 
width, and hydraulic mean depth of each segment are 
found by schematization.. Also the loss coefficient C 
and dispersion coefficient E are calculated using the 
equation of motion and equation of salt balance from 
observed h, Q and S values along the river. 
The gauge curves at Falta and Garden Reach are used 
as the boundary conditions for the solutions of 
equations of motion and continuity and also the 
salinity variations with time at these statiom are used 
for the salt balance equation. The boundary values 
employed are shown in figure 2. A time step of 5 
minutes is taken for the computation and so a total 
number of 149 time steps is required to cover the 12 
hours and 25 minutes tidal cycle. 
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Fig. 2. Boundary values of the model. 
5. RESULTS AND CONCLUSIONS 
The results of computations are presented in fIgure 3 
and ftgure 4. The computed gauge curves are com-
pared with these observed in the river in ftgure 3. The 
computed discharge curves are also shown in ftgure 3. 
The computed and observed salinity values are 
compared in ftgure 4. The close agreement between 
the computed and observed curves proves the effIciency 
and applicability of the model. The computed density 
curves are exhibited in ftgure 4. 
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Fig. 3. Gauge & discharge curves of the model 
13 15 17 
A nonlinear mathematical model of a tidal river has 
been presented for the investigation of tidal flows in-
corporating the longitudinal variation of density due 
to salinity. This model can also incorporate unequal 
river segments as this will be of much help in the 
schematisation process. The computation scheme is 
unconditionally stable so that time as well as length 
steps can be chosen to obtain the required accuracy 
without any restriction on them. 
Although the case of the river Hooghly is solved;as an 
example, the proposed model can be used for other 
tidal rivers. The results of the applications of our 
method to such tidal flows will be reported in sub-
sequent publications. 
The explicit ftnite difference method in solving the 
equations of motion and continuity has soine advantages 
over the implicit ftnite difference scheme. However, 
the situation is somewhat different due to the presence 
of the salt balance equation which is a parabolic non-
linear partial differential equation. Thus the convergence 
and stability criteria in this case are different from those 
of the hyperbolic nonlinear partial differential equations 
of motion and continuity. The restriction in the case 
of the parabolic equation is severe, that is ~ " !. 
(llX)2 2 
even for linear equations. Although the computational 
formulas are much simpler and the necessary computer 
time is considerably less, the above restriction poses a 
great diffIculty in achieving a stable and convergent 
solution. Another point is that the abrupt changes in 
the gauge curves at low water level can easily be obtain-
ed in the explicit scheme as discussed by Chatterjee 
[12] but in the implicit scheme such abrupt changes 
are smoothed oUt. This seems to be an important point 
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Fig. 4. Salinity & . derisity curves of the model. 
when accurate representation in these parts of the 
tidal phase are required. 
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